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ABSTRACT
A number of algorithms to solve large-scale Kalman filtering problems have been introduced recently. The
ensemble Kalman filter represents the probability density of the state estimate by a finite number of randomly
generated system states. Another algorithm uses a singular value decomposition to select the leading eigenvectors
of the covariance matrix of the state estimate and to approximate the full covariance matrix by a reduced-rank
matrix. Both algorithms, however, still require a huge amount of computer resources. In this paper the authors
propose to combine the two algorithms and to use a reduced-rank approximation of the covariance matrix as a
variance reductor for the ensemble Kalman filter. If the leading eigenvectors explain most of the variance, which
is the case for most applications, the computational burden to solve the filtering problem can be reduced
significantly (up to an order of magnitude).

1. Introduction
Kalman filtering is a powerful framework for solving
data assimilation problems (see Ghil and Malanotte-Rizzoli 1991). In order to use a Kalman filter for assimilating data into a numerical model, this model is embedded into a stochastic environment by introducing a
system noise process. In this way it is possible to take
into account the inaccuracies of the underlying deterministic system. By using a Kalman filter, the information provided by the resulting stochastic–dynamic
model and the noisy measurements are combined to
obtain an optimal estimate of the state of the system.
The standard Kalman filter implementation, however,
would impose an unacceptable computational burden.
In order to obtain a computationally efficient filter, simplifications have to be introduced.
The ensemble Kalman filter (EnKF) was introduced
by Evensen (1994) and has been used successfully in
many applications (see Evensen and Van Leeuwen 1996;
Houtekamer and Mitchel 1998; Cañizares 1999). This
Monte Carlo approach is based on a representation of
the probability density of the state estimate by a finite
number N of randomly generated system states. The
algorithm does not require a tangent linear model and
is very easy to implement. The computational effort
required for the EnKF is approximately N times as much
as the effort required for the underlying model. The only
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serious disadvantage is that the statistical error in the
estimates of the mean and covariance matrix from a
sample decreases very slowly for larger sample size.
This is a well-known fundamental problem with all
Monte Carlo methods. As a result, for most practical
problems the sample size chosen has to be rather large.
Here it should be noted that a properly constructed ensemble Kalman filter can still provide an improved analysis even with small-sized ensembles (see Houtekamer
and Mitchel 1998).
Another approach to solve large-scale Kalman filtering problems is to approximate the full covariance matrix of the state estimate by a matrix with reduced rank.
This approach was introduced by Cohn and Todling
(1995, 1996) and Verlaan and Heemink (1995, 1997),
where the latter used a robust square root formulation
for the filter implementation. Algorithms based on similar ideas have been proposed and applied by Lermusiaux (1997) and Pham et al. (1998).
The reduced-rank approaches can also be formulated
as an ensemble Kalman filter where the q ensemble
members have not been chosen randomly, but in the
directions of the q leading eigenvectors of the covariance matrix (see Verlaan and Heemink 1997). As a result
also these algorithms do not require a tangent linear
model. The computational effort required is approximately q 1 1 model simulations plus the computations
required for the singular value decomposition to determine the leading eigenvectors [O(q 3 ); see Heemink et
al. (1997)]. In many practical problems the full covariance can be approximated accurately by a reduced-rank
matrix with relatively small value of q. However, re-

JULY 2001

1719

HEEMINK ET AL.

duced-rank approaches often suffer from filter divergence problems for small values of q. This was observed
first by Cohn and Todling (1995), who tried several
methods of compensating for the truncation error. The
main reason for the occurrence of filter divergence is
the fact that truncation of the eigenvectors of the covariance matrix implies that the covariance is always
underestimated. It is well known that underestimating
the covariance may cause filter divergence. Filter divergence can be avoided by chosing q relatively large,
but this of course reduces the computational efficiency
of the method considerably.
Cañizares (1999) compared the EnKF and the reduced-rank approach for a number of practical largescale shallow water flow problems. His conclusion is
that the computational efficiency of both approaches is
comparable. The rank q of the reduced-rank approximation could be chosen considerably smaller (3–5
times) than the ensemble size N of the ensemble filter.
However, the singular value decomposition becomes
computationally the most expensive part of the reducedrank algorithm for larger values of q.
In this paper we propose to combine the EnKF with
the reduced-rank approach to reduce the statistical error
of the ensemble filter. This is known as variance reduction, referring to the variance of the statistical error
of the ensemble approach (see Hammersley and Handscomb 1964). The ensemble of the new filter algorithm
now consists of two parts: q ensembles in the direction
of the q leading eigenvalues of the covariance matrix
and N randomly chosen ensembles. In the algorithm,
only the projection of the random ensemble members
orthogonal to the first ensemble members is used to
obtain the filter gain and the state estimate. This partially
orthogonal ensemble kalman filter (POEnKF) does not
suffer from divergence problems because the reducedrank approximation is embedded in an EnKF. The EnKF
acts as a compensating mechanism for the truncation
error. At the same time, POEnKF is much more accurate
than the ensemble filter with ensemble size N 1 q because the leading eigenvectors of the covariance matrix
are computed accurately using the full (extended) Kalman filter equations without statistical errors.
In section 2 we first show a simple example of variance reduction to illustrate the basic idea of our combined filter. In section 3 of this paper we summarize the
ensemble kalman filter and the reduced-rank square root
filter and introduce the partially orthogonal ensemble
kalman filter algorithm and a few variants of this algorithm. We illustrate the performance of the various
algorithms with an advection diffusion model application in section 4. Here, in order to compare the results
of the various suboptimal filter algorithms with the exact
Kalman filter, we concentrate our attention on linear
problems.
2. Variance reduction: An illustrative example
Suppose we want to determine
(1)
E[ f (j )],

where j is a random variable uniformly distributed on
the interval [0, 1]. Using a Monte Carlo method we
generate a sequence of uniformly distributed random
numbers j i , i 5 1, . . . , N, and compute
1
N

f 5

O f (j ).
N

(2)

i

i51

Here, f is an estimator of E[ f (j )]. The variance of this
Monte Carlo estimator is (see Hammersley and Handscomb 1964)
var( f ) 5

1
N

E

1

{ f (j ) 2 E [ f (j )]} 2 dj.

(3)

0

From this expression we see that the standard deviation
of the statistical errors of the Monte Carlo method converge very slowly with the sample size (ø1/ÏN).
Now let us suppose that we have an approximation
f(j ) of f (j ) with known E[f (j )] 5 F. Here, f (j ) is
also called a controlled variate. As a result we have, in
this case,
E[ f (j )] 5 F 1 E[ f (j ) 2 f (j )].

(4)

Now we can use as estimator of E[ f (j )]
ff 5 F 1

1
N

O [ f (j ) 2 f(j )]
N

i

i

(5)

i51

with variance:
var{ f f }
5

1
N

E

1

[ f (j ) 2 f (j ) 2 {E [ f (j )] 2 F}] 2 dj. (6)

0

If f (j ) is reasonable approximation of f (j ), F will be
a reasonable estimate of E[ f (j )]. The Monte Carlo
method, in this case, will only be used for estimating
the remaining part E[ f (j ) 2 f (j )] with a variance of
the error as given by (6). This variance is in general
significantly smaller then the variance (3) of the original
Monte Carlo approximation where f (j ) 5 0. Therefore
f (j ) is also often called a variance reductor. Variance
reduction is attractive as long as we have an approximation f (j ) of f (j ) that is better than f (j ) 5 0. In
most cases it will be easy to find an approximation that
is better than doing nothing at all.
Let us for example take (see Fig. 1)
f (j ) 5 2j 2 2 j 3 ,
and as approximation

f (j ) 5 j .
In this case the variance (3) of the statistical error of
the Monte Carlo method is 0.1304/N while the variance
(6) of the estimator (5) is only 0.0304/N.
The basic idea just described can also be introduced
for the ensemble Kalman filter. By computing an approximation of the filter problem using a reduced-rank
filter, the ensemble Kalman filter needs only be used for
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x f (k) 5 M [x a (k 2 1)]

(9)

P (k) 5 M(k 2 1)P (k 2 1)M(k 2 1)
f

a

T

1 Q(k 2 1),

(10)

where
M(k) i j 5

]M i [x f (k)]
]x fj (k)

(11)

represents the tangent linear model. At observation time
k the observation y o (k) becomes available. The estimate
is updated by the analysis equations
x a (k) 5 x f (k) 1 K(k)[y o (k) 2 H(k)x f (k)]

(12)

P (k) 5 P (k) 2 K(k)H(k)P (k),

(13)

a

f

f

where
FIG. 1. Function f (j ) (—) and its approximation f (j ) (– – –) for
0 # j # 1.

the remaining part of the problem. As a result, the statistical errors of the combined approach will be reduced
significantly.
3. Kalman filtering
a. State space model
Suppose that modeling techniques have provided us
with a nonlinear stochastic state space model of the form
x f (k 1 1) 5 M [x f (k)] 1 h(k),

(7)

and with observations
y o (k) 5 H(k)x f (k) 1 e(k).

K(k) 5 P f (k)H(k)T [H(k)P f (k)H(k)T 1 R(k)]21

(14)

is the Kalman gain. The initial condition for the recursion is given by x a (0) 5 x 0 and P a (0) 5 P 0 .
c. Ensemble Kalman filter
The ensemble Kalman filter algorithm is based on a
representation of the probability density of the state estimate by a finite number N of randomly generated system states.
The EnKF for the model (7)–(8) can be summarized
as follows (see Burgers et al. 1998).
1) INITIALIZATION
An ensemble of N states j ai (0) are generated to represent the uncertainity in x 0 ;

(8)
2) FORECAST

Here x f (k) is the forecast of the system state at time k
and M [x f (k)] represents one time step of a numerical
model. To model the inaccuracies of this model, a white
system noise process h(k) with covariance Q(k) is introduced. Covariance Q(k) is assumed to be of low rank
so that it can be factorized as Q(k) 5 Q(k)1/2[Q(k)1/2]T ,
where Q(k)1/2 is a matrix with relatively few columns.
In the relation (8) y o (k) is the observations vector and
H(k) is the observation matrix that relates the available
observations to the system state. The observation noise
process e(k) with covariance R(k) 5 R(k)1/2[R(k)1/2]T is
introduced to model uncertainties in the observations.

j fi (k) 5 M [j ia (k 2 1)] 1 h i (k 2 1)
x f (k) 5

It is desired to combine the measurement taken from
the actual system and modeled by relation (8) with the
information provided by the system model (7) in order
to obtain an optimal estimate of the system state. The
optimal state estimate x a (k 2 1) at time k 2 1 is forecast
from observation time k 2 1 to observation time k by
the equations

1
N

O j (k)

(15)

N

(16)

f
i

i51

E f (k) 5 [j 1f (k) 2 x f (k), . . . , j Nf (k) 2 x f (k)];

3) ANALYSIS
P f (k) 5

b. Conventional Kalman filter for nonlinear systems

STEP

(17)

STEP

1
E f (k)E f (k)T
N21

(18)

K(k) 5 P f (k)H(k)T [H(k)P f (k)H(k)T 1 R(k)]21

(19)

j (k) 5 j (k) 1 K(k)[y (k) 2 H(k)j (k) 1 e i (k)], (20)
a
i

f
i

o

f
i

where the ensemble of state vectors are generated with
the realizations h i (k) and e i (k) of the noise processes
h(k) and e(k), respectively. Note that in the final implementation of the algorithm P f (k) need not actually
be computed (see Evensen 1994).
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For most practical problems the forecast equation (15)
is computationally dominant (see Dee 1991). As a result
the computational effort required for the EnKF is approximately N model simulations. The standard deviation of the errors in the state estimate are of a statistical
nature and converge very slowly with the sample size
(ø1/N). This is one of the very few drawbacks of a
Monte Carlo approach (see also section 2). Here it
should be noted that for many atmospheric data assimilation problems the analysis step is also a very time
consuming part of the algorithm (see Houtekamer and
Mitchel 1998).

d. Reduced-rank square root filter
The reduced-rank square root (RRSQRT) filter algorithm (see Verlaan and Heemink 1997; Heemink et
al. 1997) is based on a factorization of the covariance
matrix P of the state estimate according to P 5 LLT ,
where L is a matrix with the q leading eigenvectors li
(scaled by the square root of the eigenvalues), i 5 1,
. . . , q, of P as columns. The algorithm can be summarized as follows.

1) INITIALIZATION
x a (0) 5 x0 ,

2) FORECAST
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L a (0) 5 [l1a (0), . . . , l qa (0)].

(21)

STEP

x f (k) 5 M [x a (k 2 1)]

(22)

1
l fi (k) 5 {M [x a (k 2 1) 1 e l ia (k 2 1)]
e
2 M [x a (k 2 1)]}.

(23)

In Eq. (23) e represents a perturbation, often chosen
close to 1:
L̃ f (k) 5 [l1f (k), . . . , l fq (k), Q(k 2 1)1/2].

(24)

In Eq. (24) a square root L̃ f (k) of the forecast covariance
is constructed by adding the columns of Q(k 2 1)1/2 .
However, the dimension of L̃ f (k) has now increased.
Therefore a new reduced-rank square root L f (k) is computed instead:
L f (k) 5 P f (k)L˜ f (k),

(25)

where P f (k) is a projection onto the q leading eigenvectors of the matrix L̃ f (k) L̃ f (k)T . Using the reduction
step (25) we obtain an approximate square root L f (k) of
P f (k) with only q columns.

3) ANALYSIS

STEP

P f (k) 5 L f (k)L f (k)T

(26)

K(k) 5 P (k)H(k) [H(k)P (k)H(k) 1 R(k)]
f

T

f

T

21

(27)

x (k) 5 x (k) 1 K(k)[y (k) 2 H(k)x (k)]

(28)

L̃ (k) 5 {[I 2 K(k)H(k)]L (k), K(k)R(k) }
L a (k) 5 P a (k)L˜ a (k),

(29)

a

f

a

o

f

f

1/ 2

(30)

where P (k) is a projection onto the q leading eigenvectors of the matrix L̃ a (k)L̃ a (k)T . This reduction step
is again introduced to reduce the number of columns in
L a (k) to q in L̃ a (k). Note that the full covariance P f (k)
need not to be computed (see Verlaan and Heemink
1997). The analysis step (29)–(30) is based on the Joseph form of the filter equations (see Maybeck 1979).
This analysis step is not the most efficient procedure.
Equations (29)–(30) are, however, more general than
the analysis step proposed by Verlaan and Heemink
(1997) and Heemink et al. (1997). Equations (29)–(30)
hold for arbitrary filter gains K(k) and not only for gain
matrices satisfying Eq. (27). This becomes important if
the RRSQRT algorithm is used as part of the POEnKF
described in the next section.
For smaller values of q, Eq. (23) is for many practical
problems computationally dominant, resulting in a computational effort of q 1 1 model simulations. The projections (25) and (30) require O(q 3 ) computations (see
Heemink et al. 1997). As a result for very large q this
part of the algorithm becomes time consuming too (see
Cañizares 1999). Errors of the algorithm are caused by
the fact that in the direction of the leading eigenvectors
only two ensemble members are available and, as a
result, the system dynamics is in essence linearized (see
Heemink et al. 1997). Other errors are introduced by
the representation of the covariance matrix by only the
q leading eigenvectors. Because of the truncation, the
covariance matrix is always underestimated. As a result
the algorithm is sensitive to filter divergence problems.
This problems can be avoided by choosing q relatively
large, but this obviously reduces the computational efficiency.
a

e. Partially orthogonal ensemble Kalman filter
The ensemble Kalman filter and the reduced-rank
square root filter are both of the square root type since
both algorithms are formulated in terms of the square
root of the covariance matrix [respectively E f (k) and
L f (k)]. Also, both algorithms are of the ensemble type.
The ensemble filter is based on N randomly chosen ensemble members, while in the reduced-rank filter the
ensemble members are chosen deterministically in the
direction of the q leading eigenvectors. Because the two
algorithms both have a very similar algorithmic structure, they can be integrated relatively easily.
The ensemble of the POEnKF consists of two parts:
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The q leading eigenvectors li of the covariance matrix
plus N randomly chosen ensemble members j i . The
ensemble members l i are updated using an RRSQRT
algorithm and j i by using the EnKF algorithm. The two
algorithms interact with each other at the analysis step.
Here, only the information of the random ensemble
members orthogonal to the q leading eigenvectors is
used.
The POEnKF algorithm can be summarized as follows.
1) INITIALIZATION

this Monte Carlo approach significantly. On the other
hand, by embedding the reduced-rank filter in an Ensemble Kalman filter the covariance is not underestimated, eliminating the filter divergence problems of the
reduced-rank approach (also for very small numbers of
q). As a result q can be chosen on the basis of efficiency
arguments and not for stabilizing the filter algorithm.
Many generalizations and modifications of the
POEnKF exists. One important modification to make
the POEnKF more robust for strongly nonlinear problems is to take into account the information of the random ensemble members in the direction of the q leading
eigenvectors of the covariance matrix. If
E0(k) 5 P0(k) E f (k)

[L a (0) E a (0)]
5 [l1a (0), . . . , l qa (0), j 1a (0), . . . , j Na (0)]

(31)

where l ai is the leading eigenvector of P 0 and j ai is generated randomly to represent the uncertainty in x 0 .
2) FORECAST

VOLUME 129

STEP

forecast equations (22)–(25) of the RRSQRT algorithm,
forecast equations (15)–(17) of the EnKF algorithm.

is the projection of the random ensemble members onto
the first q ensemble members l i , then
1
E0(k)E0(k)T
N21

STEP

In the analysis step we merge the information of the
RRSQRT and the EnKF algorithms to obtain P f (k). In
the direction of the leading eigenvectors we use the
results of the RRSQRT algorithm. In the other directions
the RRSQRT algorithm does not give any information
and we use the EnKF results. First we compute
E⊥ (k) 5 P(k) E f (k),

(32)

where P (k) is a projection of the random ensemble
members orthogonal to the first q ensemble members
lfi . Then we compute
⊥

P f (k) 5 L f (k)L f (k)T 1

1
E ⊥ (k)E ⊥ (k)
N21

K(k) 5 P f (k)H(k)T [H(k)P f (k)H(k)T 1 R(k)]21 ,

(33)
(34)

analysis Eq. (20) of the EnKF algorithm for the
ensemble E f (k),
analysis Eqs. (28)–(30) of the RRSQRT algorithm.
For small values of q the time propagation equations
(15) and (23) for the ensemble is computationally dominating. As a result for most practical problems the computational effort for the POEnKF is approximately N 1
q times the effort required for one model simulation.
By integrating the ensemble Kalman filter and the reduced-rank square root filter the best of both are combined. The reduced-rank part acts as a variance reductor
for the ensemble filter reducing the statistical errors of

(36)

is the ensemble Kalman filter approximation of the reduced-rank covariance matrix with rank q. Instead of
Eq. (33), where this information is completely ignored,
it is also possible to use the equation
P f (k) 5 g L f (k)L f (k) 1

3) ANALYSIS

(35)

1

12g
E0(k)E0(k)
N21

1
E ⊥ (k)E ⊥ (k)T ,
N21

(37)

where 0 # g # 1 is a weighting coefficient. The first
term of the right-hand side suffers from errors caused
by the approximation of the nonlinear dynamic of the
system in the forecast equation, the second term is dominated by the statistical noise of the Monte Carlo method. For most practical problems the errors of the first
term are relatively small and g 5 1 is a good choise.
However, for very nonlinear data assimilation problems
it may be better to choose g smaller.
f. Complementary orthogonal subspace filter for
efficient ensembles
The POEnKF described in the previous section uses
a RRSQRT time update for a small number of directions
that correspond to the largest eigenvalues of the forecast
error covariance. A separate ensemble update is used
for the remaining space. However, the covariance for
this orthogonal subspace is obtained by first generating
an ensemble for the whole state space and subsequently
removing all contributions in the directions with the
largest variance. Since the contribution of the ensemble
is ignored in the subspace spanned by modes of the
RRSQRT part of the POEnKF, it seems more efficient
to remove those contributions from the ensemble altogether. This can be achieved with a simple modification
of the POEnKF, which will be referred to hereafter as
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the complementary orthogonal subspace filter for efficient ensembles (COFFEE) algorithm.
The COFFEE algorithm can be summarized as follows.
1) INITIALIZATION
[L a (0) E a (0)]
5 [l1a (0), . . . , l qa (0), j 1a (0), . . . , j Na (0)],

(38)

where l again denotes the q leading eigenvectors of P 0 .
However, the random ensemble members are now generated only to represent the covariance P 0 2
L a (0)L a (0)T . This is the part of the covariance that is
not represented by the leading eigenvectors.
a
i

2) FORECAST

STEP

FIG. 2. Velocity field.

L is updated using the RRSQRT update (22)–(25)
and the ensemble j ai is updated using (15)–(17). However, a random ensemble is now generated with an additional covariance equal to the covariance of the truncated part in the RRSQRT half, that is, (17) changes to
a

E f (k) 5 [j 1f (k) 2 x f (k) 1 h1 (k), . . . , j nf (k) 2 x f (k)

1 h N (k)],

(39)

with E[h i (k)h i (k)9)] 5 [I 2 P (k)]L (k)L (k) [I 2
P f (k)]T . In the RRSQRT forecast step, only the q leading eigenvectors are taken into account. The other eigenvectors are neglected. In the COFFEE forecast step,
the part of the covariance that is truncated in the
RRSQRT forecast step is also represented by the random
ensembles.
f

3) ANALYSIS

f

f

T

STEP

The measurement update is almost identical to that
of the POEnKF, except that no projection of the ensemble is needed, that is, (32) can be omitted.
4. Application
a. Model and experimental setup
Before using the new algorithms for real-life atmospheric chemistry data assimilations problems, we define in this paper first a test problem. Consider the 2D
advection diffusion equation
]c
]c
]c
]2c
]2c
1 u 1 y 1 5 n 2 1 n 2 1 S,
]t
]x
]y
]x
]y

30 grid. Preliminary experiments indicated that the numerical diffusion was still so large that the physical
diffusion terms could be omitted. For all experiments
hereafter the velocity field was assumed to be known
and constant in time. Figure 2 shows the velocity field
that is similar to that of the well-known Molenkamp
test.
In order to compare the algorithms proposed to other
existing algorithms some twin experiments were carried
out. A reference solution was generated by inserting
constant emissions at grid cells {(5, 8), (7, 8), (15, 5),
(3, 18), (20, 15)}. The increase of concentration per
time step for these location was {0.2, 0.5, 0.4, 0.2, 0.25},
respectively.
Observations were generated from simulated true
concentrations, which were computed by adding fluctuations to the mean emissions. For this purpose an
AR(1) process was used, that is, the fluctuations to the
emissions per time step were computed according to

h̃j(k 1 1) 5 ajh̃j(k) 1 hj(k),

(41)

with hj independent Gaussian white noise processes
with E[hj(k)] 5 0 and var [hj(k)] 5 1. The index j refers
to source locations {(m, n)1 · · · (m, n) p } 5 {(4, 11),
(13, 3), (26, 15), (15, 10), (23, 2), (11, 9), (15, 20), (23,
10), (5, 25)}. The decays per time step are {a1 · · · ap}
5 {0.9, 0.8, 0.8, 0.9, 0.9}. Negative emissions are truncated, which creates some nonlinearity in the data-assimilation problem. Finally, white observational noise
with variance 0.01 is added to the true concentrations.

(40)

with a square domain [0, L] 3 [0, L] and zero initial
conditions. Here, c is the concentration, [u, y ] is the
velocity field, n is the dispersion coefficient, and S represents the source terms. The concentration at the
boundary is zero for inflow. A backward Lagrangian
scheme is used to discretize these equations on a 30 3

b. Results of the suboptimal Kalman filter algorithms
In evaluating the filter algorithms we compute the
rms error
RMS :5

!

1
M 2K

O [c

m, n , k

m,n

(k) 2 ĉ m,n (k)] 2 ,

(42)
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FIG. 3. Reference concentration field after k 5 100 time steps. Contours at shown with
increment 1 for reference concentrations.

FIG. 4. True concentration field after k 5 100 time steps. Contours at shown with increment 1
for reference concentrations.
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FIG. 5. Concentrations computed with the EnKF with N 5 20 at k 5 100. Contours at shown
with increment 1 for true concentrations (—) and filter solution ( · · · ).

FIG. 6. Concentrations computed with the RRSQRT filter with N 5 20 at k 5 100. Contours at
shown with increment 1 for true concentrations (—) and filter solution ( · · · ).
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FIG. 7. Eigenvalues of the error covariance matrix P(100|100).
Computed with the RRSQRT filter with q 5 50.

where cm,n(k) are the exact generated concentrations and
ĉm,n(k) are the estimates computed, M is the number of
grid points in one direction, and K is the number of
time steps.
In Figs. 3 and 4 the concentration fields of the truth
run and the reference run are shown after K 5 100 time
steps. The 1 signs indicate measurement locations and
the diamond signs the locations of the emissions. It can
be seen clearly that the true fields are perturbed with

VOLUME 129

time-varying fluctuations, while the reference solutions
only contains a steady emission that is advected and
spreading smoothly. The rms difference between both
runs is 0.665 without any data assimilation.
In Figs. 5 and 6 we show the results for the ensemble
Kalman filter and the reduced-rank square root filter at
the final time k 5 100 for 20 ensemble members and
20 modes, respectively. These settings correspond to
approximately the computational requirements for 20
model runs. For these settings neither filter performs
well. Their respective rms errors are 0.838 and 0.797,
which is worse than without data assimilation. The contours clearly show that both algorithms create spurious
correlations if not fully converged. This result is consistent with the findings of Houtekamer and Mitchel
(1998), who found that there tend to be spurious correlations at long distances when ensemble sizes are
small. They introduced a data-selection procedure to
reduce these effects. Although 20 eigenvalues explain
almost 98% of the error covariance, both the EnKF and
the RRSQRT filter still show divergence problems in
the sense that the rms error using data assimilation is
larger than the error without any data assimilation (see
also Fig. 10). See Fig. 7 for the variance explained by
the leading eigenvectors of the analysis error covariance
at the final time k 5 100, as computed with the RRSQRT
filter with 100 modes.
In Figs. 8 and 9 the results for the POEnKF and the
COFFEE are shown at the final time. In both computations 15 modes and an ensemble with N 5 5 members

FIG. 8. Concentrations computed with the POEnKF with q 1 N 5 15 1 5 at k 5 100.
Contours at shown with increment 1 for true concentrations (—) and filter solution ( · · · ).
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FIG. 9. Concentrations computed with the COFFEE KF with q 1 N 5 15 1 5 at k 5 100.
Contours at shown with increment 1 for true concentrations (—) and filter solution ( · · · ).

FIG. 10. Rms errors vs computation times for the suboptimal Kalman filter algorithms.

1727

1728

MONTHLY WEATHER REVIEW

was used. Although the computational requirements are
approximately the same as in the previous experiments
these filters do not diverge and actually improve on the
reference solution. The rms’s are 0.642 and 0.480, respectively. This also shows that the reduced variance in
the COFFEE algorithm as compared to the POEnKF
does indeed reduce the errors even further in this case.
In other experiments not shown here we also found that
of the various variants that are possible for the COFFEE
algorithm, it is most efficient to project the Kalman gain
onto the subspace spanned by the modes of the RRSQRT
part of the algorithm, that is, to effectively ignore correlation computed from the EnKF part of the algorithm
but to include their variance in the innovation error covariance.
Figure 10 shows the convergence of the four suboptimal schemes used in this paper. For the POEnKF
and the COFFEE algorithm the number of random ensemble members was kept fixed at N 5 5. We observed
during the experiments that for a small number of modes
or ensemble members the rms error are sensitive to the
random numbers used in the computation. To reduce
this random effect on the results the same set of random
numbers was used for all the experiments, which made
the results more comparable. However, the seemingly
random behavior for small ensembles (or modes) is still
influenced by the set of random numbers used. When
comparing the algorithms, it can be seen that both the
EnKF and the RRSQRT algorithms seem to diverge for
small ensemble size. The full (extended) Kalman filter
produces an rms error of 0.46.
Both the POEnKF and the COFFEE algorithm improve the convergence for small ensemble sizes, where
the COFFEE variant is sligtly more efficient. However,
if the number of modes is increased the random part of
these algorithms seems to hamper quick convergence of
the RRSQRT part of the algorithm. In this experiment
accurate results are obtained with the COFFEE algorithm at only 40% of the computation time compared
to the EnKF (q 5 20 and N 5 50).
5. Conclusions
In this paper we propose to use a reduced-rank square
root Kalman filter as a variance reductor for the ensemble Kalman filter to reduce the statistical errors of this
Monte Carlo approach. The resulting partially orthogonal ensemble filter and its variants combine the best
of both. It is less sensitive to divergence problems and
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much faster than both the reduced-rank approach and
the ensemble Kalman filter. Next, the POEnKF and
COFFEE algorithms will be applied to real-life, nonlinear data assimilation problems in atmospheric chemistry and shallow water flow forecasting. Furthermore,
we will also study the performance of the new algorithms in nonlinear, unstable systems.
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